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Huge success of deep learning from learning representations of data.
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representation

Low-dimensional Output
supervised model P
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First learn representations, then fit a
low-dimensional model over those representations!
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Feature learning

» Feature learning: Learning those representations from data.

Barron space, Uniform bounds,
depth separations... Rademacher complexity...

[Feature Learning]

Optimization

NTK, non-convex optimization...
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Feature learning

» Feature learning: Learning those representations from data.

Barron space, Uniform bounds,
depth separations... Rademacher complexity...

[Feature Learning]

Optimization

NTK, non-convex optimization...

In the feature learning regime, approximation,
generalization, and optimization are entangled with
each other.
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Feature learning: Beyond NTK regime

» Neural network f: X x RP — R.
Parameters 0 € RP.

Feature learning (rich) regime: 6
16—l < 116l ¥ ®

Randomly f
initialized 6,
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Feature learning: Beyond NTK regime

» Neural network f: X x RP — R.
Parameters 6 € RP.

Feature learning (rich) regime: @
16—l < 6l Y@

Randomly :
initialized 6,

low
Loss

» Kernel/NTK/Lazy: || — 0] < [|00]|-

high
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Research questions

» (Optimization) How models learn features through gradient
descent? Understand loss landscape and training dynamics.
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Research questions

» (Optimization) How models learn features through gradient
descent? Understand loss landscape and training dynamics.

» (Generalization) The required sample size to learn features. How
does this scale with target task, loss function, activation, etc.?
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Outline

@ Setting and results overview

© Numerical experiments

© Formal results and outline of the proofs

@ Discussion and future directions
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Multi-index models

Consider multi-index models as our targets for feature learning.

Setup: Observe n i.i.d. samples (Xi,Yi)i<n:
» Covariates: x; ~ N(0,13)
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Multi-index models

Consider multi-index models as our targets for feature learning.

Setup: Observe n i.i.d. samples (Xi,Yi)i<n:
» Covariates: x; ~ N(0,13)

> Responses:

Yi = h(G)Ixi) Si)) &~ N(O) 1)

> @, c R (k< d)
» h:R¥ 5 R is the link function.
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Examples of multi-index models

» Single-index (k =1):
(e.g., phase retrieval) y = (0, x)2
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Examples of multi-index models

» Single-index (k =1):
(e.g., phase retrieval) y = (0, x)2

» Neural networks (O(1) neurons):
y= Z) 1 450(0, x) +¢

» Intersection of halfspaces:

k
Y= Hj:l l{ejjx>0}

» Polynomials on O(1) directions:
y=p(0©]x)
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The learning problem

Feature learning = Learning the latent span(@.,)
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The learning problem

Feature learning = Learning the latent span(@.,)

Question: How many samples do we need to perform feature learning?

» Simple enough to be tractable mathematically
» Complex enough that NTK/RF/KRR cannot learn!

Information-theoretic answer:?> n = ©(d)

![Yehudai and Shamir ’19], [Ghorbani, Mei, Misiakiewicz and Montanari ’19]

2[Barbier, Krzakala, Macris+ ’19], [Aubin, Maillard, Barbier+ ’19]
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Prior work: Learning multi-index models

Insight: n,d — oo, n/d — &.
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Prior work: Learning multi-index models

Insight: n,d — oo, n/d — &.

> Statistical threshold dt:
Below 1, learning is information-theoretically impossible.

» Algorithmic threshold d,:
Below 8,)g, no polynomial-time algorithm can learn ©..
Gap: Sometimes O|1 < 8, — computational hardness

[Mondelli, Montanari 18|, [Lu, Li ’19], [Chen, Meka 20|, [Damian, Pillaud-Vivien,
Lee, Bruna 24|, [Damian, Lee, Bruna 25|, [Troiani, Dandi+ ’25], [Kovaevié¢, Zhang,
Mondelli 25|, [Defilippis, Dandi+ 25|, ...
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Prior work: Learning multi-index models

Insight: n,d — oo, n/d — &.

> Statistical threshold dt:
Below 1, learning is information-theoretically impossible.

» Algorithmic threshold d,:
Below 8,)g, no polynomial-time algorithm can learn ©..

Gap: Sometimes O|1 < 8, — computational hardness

[Mondelli, Montanari 18|, [Lu, Li ’19], [Chen, Meka 20|, [Damian, Pillaud-Vivien,
Lee, Bruna 24|, [Damian, Lee, Bruna 25|, [Troiani, Dandi+ ’25], [Kovaevié¢, Zhang,
Mondelli 25|, [Defilippis, Dandi+ 25|, ...

Neural Networks? (we want an analogous dyy)
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Neural network setup

Two-layer neural network:

13
f@(x):aZajG(Bij—i—bj) %
j=1
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Neural network setup
Two-layer neural network:
.] m
f@(x):aZajG(Gij—i—bj) .
j=T1
> © =[01,...,0,] € R™™: first-layer weights

» o: activation function (e.g., GeLU, RelU, ...)
» (aj,bj): fixed second-layer weights and biases
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Neural network setup

Two-layer neural network:
1 & T
f@(x):m;aja(ejx—i—bj) °
J:

> © =[01,...,0,] € R™™: first-layer weights
» o: activation function (e.g., GeLU, RelU, ...)

» (aj,bj): fixed second-layer weights and biases

Training: Only train ® via gradient descent on empirical risk

n

Risk(©) = 3 l{y, fo (xi)

i=1

12 /54



Training protocol

Full-batch gradient descent:

O(t+1)=0(t) —mVeRisk(®(t))

13 /54



Training protocol

Full-batch gradient descent:

O(t+1)=0(t) —mVeRisk(®(t))

Initialization: 0; = Unif(S¢1)

13 /54



Training protocol

Full-batch gradient descent:

O(t+1)=0O(t) —nVeRisk(@O(t))
Initialization: 0; = Unif(S¢1)

Proportional asymptotics:

n,d — oo, mn/d— e (0,00)
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Prior work: Feature learning in neural networks

[Ben Arous+ 21|, [Damian+ 22|, [Ba+ '22|, [Abbe+ ’23]|, [Bietti+ 23], [Wang+
23|, [Berthier+ 24|, [Dandi+ 24|, [Lee+ ’24], [Fu, Wang+ ’24], [Montanari,
Urbani '25], [Zhang™, Wang*+ 25], ...
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Prior work: Feature learning in neural networks

[Ben Arous+ 21|, [Damian+ 22|, [Ba+ 22|, [Abbe+ '23|, [Bietti+ ’23], [Wang+
23|, [Berthier+ 24|, [Dandi+ 24|, [Lee+ ’24], [Fu, Wang+ ’24], [Montanari,
Urbani '25], [Zhang™, Wang*+ 25], ...

(*) |Ben Arous+ ’21]: introduced ‘information exponent’

(*) |Abbe+ ’23|: introduced ‘leap complexity’

(*) |[Zhang*, Wang*+ 25]: For generic® multi-index models, n = 0(d)
samples suffice for gradient descent on neural networks

3Generative leap exponent < 2 with no generative-staircase structure; covers

almost all common examples.
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Neural networks?

Question: What is the learning threshold dyy for
gradient descent on neural networks?

15/ 54



Neural networks?

Question: What is the learning threshold dyy for
gradient descent on neural networks?

» Do NNs achieve the same threshold as 0,47

15/ 54



Neural networks?

Question: What is the learning threshold dyy for
gradient descent on neural networks?

» Do NNs achieve the same threshold as 0,47
» If not, what is the gap? How does it depend on:

» Architecture (activation, width, ...)
» Algorithm (loss, initialization, stepsize, ...)

15/ 54



Neural networks?

Question: What is the learning threshold dyy for
gradient descent on neural networks?

» Do NNs achieve the same threshold as 0,47
» If not, what is the gap? How does it depend on:

» Architecture (activation, width, ...)
» Algorithm (loss, initialization, stepsize, ...)

» What is the mechanism that determines dyn?

15/ 54



Our results (informal overview)

Main contribution: Assuming the network width m is one or a large
enough constant, given the knowledge of

» Target function h(-),
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Our results (informal overview)

Main contribution: Assuming the network width m is one or a large
enough constant, given the knowledge of

» Target function h(-),
» Loss function £(-,-),
» Activation function of(-),

» Learning rate n

We derive an exact, explicit formula for computing dnn:

» 5 > dnN: Hessian of empirical risk after O(1) GD steps
has informative? low-lying eigenvectors

» § < dnn: no informative eigenvector of the Hessian

Onn locates a spectral phase transition.

4Non-vanishing correlation with the ‘non-trivial’ directions of @..
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Our results (informal overview)

This spectral phase transition threshold (BBP threshold) is

well-conjectured to be the threshold for weak recovery® of @, via
gradient descent:

> 5 >0nn = Weak recovery of @,

» S <oOonn = Failure of weak recovery under GD

®Non-vanishing correlation between the ‘non-trivial’ directions of ®. and the
learned weights ®.
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Properties of dny

© Computable:
Onn can be efficiently computed.
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Properties of dny

© Computable:
Onn can be efficiently computed.

© Predictive:
Onn well-predicts the feature learning phase transition in numerical

simulations.

@ Sub-optimal: 5 < dnn
The gap depends on activation, loss, initialization, ...
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Grokking phenomenon

Grokking: Delayed generalization

» Training error drops quickly
Modular Division (training on 50% of data)

100 — train
— val

80

60

Accuracy

20

10! 10? 10° 104 10° 100
Optimization Steps

19/ 54



Grokking phenomenon

Grokking: Delayed generalization
» Training error drops quickly

» Test error stays high for long
time

Accuracy

Modular Division (training on 50% of data)

100 — train

— val

10! 10? 10° 104 10° 100
Optimization Steps

19/ 54



Grokking phenomenon

Grokking: Delayed generalization
» Training error drops quickly
» Test error stays high for long

time

» Suddenly: test error drops

Accuracy

Modular Division (training on 50% of data)

100 — train

— val

10! 10? 10° 104 10° 10°
Optimization Steps

19/ 54



Grokking phenomenon

Grokking: Delayed generalization
» Training error drops quickly
» Test error stays high for long

time

» Suddenly: test error drops

Accuracy

Modular Division (training on 50% of data)

100 — train

— val

10! 10? 10° 104 10° 10°
Optimization Steps

19/ 54



Grokking phenomenon

Grokking: Delayed generalization
» Training error drops quickly

Modular Division (training on 50% of data)

» Test error stays high for long 100 — tain
time 1

» Suddenly: test error drops

Accuracy

Example: Modular division task,
trained on transformer architecture.
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Grokking phenomenon

Grokking: Delayed generalization
» Training error drops quickly

Modular Division (training on 50% of data)

» Test error stays high for long 100 — tain
time 1

» Suddenly: test error drops

Accuracy

Example: Modular division task,
trained on transformer architecture.

» Red: train accuracy 10 w1 100 1 o
Optimization Steps

» Green: validation accuracy

> Gap of ~ 103x in steps

[Power, Burda, Edwards+ ’22], [Liu, Kitouni, Nolte+ ’22], ...
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Demystifying grokking
Insights:

Grokking occurs
when and only when & is moderately above oy
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Demystifying grokking
Insights:

Grokking occurs
when and only when & is moderately above oy

» Moderately above threshold:

» Overfit the training data in the first stage of training
» Informative Hessian outlier in the second stage of training =
Grokking

» Far above threshold (& > dnn):
» Landscape concentrates, no generalization gap
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Numerical Illustrations
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Experiments: Phase transition for feature learning
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Single-neuron GeLU network learning phase retrieval (h(z) = z2).
Success = correlation with 0, exceeds 1/2.

22 /54



Effect of activations

. . . . .
GelLU activation Quadratic activation
1.0 H 10
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Effect of activations

GelLU activation Quadratic activation

[_._._.—_—-—‘ 10

d = 1000 d = 1000

0.2 d = 2000 0.2 i d = 2000
& d=3000 & d=3000
@ d=4000
0.0 — = Predicted threshold 0.0 |
3 4 5 G 7 8 9 2 3

6
d=n/d

» Different activations = different computed dnp

» Theoretical threshold matches empirical phase transition
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Experiment: Grokking phenomenon

1.0 T— — ] — p(t)
mem Risk(0(t)) /Risk(0(0))
Riskest (6(t))/Riskest (8(0))
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Training Time ¢

GeLU neuron, phase retrieval, d = 5000, 5 = 17.5 (above dyny = 6).
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Experiment: Grokking
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GeLU neuron, phase retrieval, d = 5000, 6 = 5,10, 15,50.
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Formal results and
Outline of the Proofs



Structural decomposition: Insight

The latent space span(®.) decomposes into two parts:
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Structural decomposition: Insight

The latent space span(®.) decomposes into two parts:

Easy subspace Hard subspace

» Learned from » No first-order info
first-order info of h(-) from h(-)

> Gradient descent can » Requires at least
pick up linear signal 2nd-order info to learn!
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Structural decomposition: Formal definition

Hard subspace: U € O(k, k') is a hard orthonormal set if
E[T(y, Pﬁz, E)Puz] =0, V measurable 7:R*? 5 R

where & ~ N(0, 1) is independent of (y,z) (recall y = h(z,¢)).
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Structural decomposition: Formal definition

Hard subspace: U € O(k, k') is a hard orthonormal set if
E[T (y,P{z,&)Puz] =0, V measurable 7:R""? 5 R
where & ~ N(0, 1) is independent of (y,z) (recall y = h(z,¢)).

The hard subspace LUy := span(Uj;) is the span of the maximal hard
orthonormal set.

ilE F==ilﬁ

Equivalent characterization:

Uis hard & E[Puz|y,Pizl =0
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Examples

Setup: k =2, y = h(z1,2;) with h symmetric: h(z,z2) = h(z2,21)
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Examples

Setup: k =2, y = h(z1,2;) with h symmetric: h(z,z2) = h(z2,21)

Decomposition:
» Easy direction: ug = \1—5(—%1,4—1)—r
> E[z1 +2z; | y] # 0 in general

» Hard direction: ug = %(4—1,—1)T

> IE[Z1 —z2|y,z1 + Zz] = 0. No signal from first-order information

Other examples:
P> Single-index with even h = the only direction is hard

> Two-layer NN with even activation = all directions are hard
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Hard directions: Not learned in O(1) time

Result: For any fixed t

p-lim ©(t)©,Py;, =0

n,d—oo

30 /54



Hard directions: Not learned in O(1) time

Result: For any fixed t

p-lim ©(t)©,Py;, =0

n,d—oo

More general: Any estimator computed from O(1) gradient steps is
uncorrelated with hard directions.

30 /54



Hard directions: Not learned in O(1) time

Result: For any fixed t

p-lim ©(t)©,Py;, =0

n,d—oo

More general: Any estimator computed from O(1) gradient steps is
uncorrelated with hard directions.

Tool: Dynamical Mean Field Theory (DMFT)%

6[Sompolinsky7 Zippelius ’81, ’82; Celentano, Montanari, Wu ’20; Celentano,
Cheng, Montanari ’21]
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Easy directions: Learned in O(1) time

There exists g > 0, t = O(1) such that”

lim P (H@(t)TG*UEH > eo) —1

n,d—oo

"|Dandi, Troiani, Arnaboldi, Pesce, Zdeborova, Krzakala *24]
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Easy directions: Learned in O(1) time

There exists g > 0, t = O(1) such that”

lim P (H@(t)T®*UEH > eo) —1

n,d—oo

Intuition:

» Easy directions have first-order signal in the gradient

The learning bottleneck is the hard directions.

"|Dandi, Troiani, Arnaboldi, Pesce, Zdeborova, Krzakala *24]
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Learning hard directions: The problem

Problem: No first-order signal for hard directions

Naive, simplified picture: Gradient descent approaches a saddle point.

AN
Y
N MRS
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Learning hard directions: The solution

Solution: Use second-order information to escape saddle
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Learning hard directions: The solution

Solution: Use second-order information to escape saddle
» Study the (rescaled) Hessian

H(t) := mV?Risk(O(t))

along GD trajectory

» Look for negative eigenvalues of the Hessian with eigenvectors
aligned with hard subspace

» Such eigenvectors directions enable escape from saddle =
learning those hard directions

Question: When does the Hessian have informative
descent directions after O(1) iterations?
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Hessian structure

Case m =1 (single neuron): H(t) € R4x¢
] n
~n Z g(yi, © xl Xle

gly,z) = 22”(y,a0(z+b)) "(z4+b)? + al/(y,ac(z+b))o"(z+b)
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Hessian structure

Case m > 1 (wide network): H(t) € Rmdxmd
» Block structure with m? blocks of size d x d
» For convex loss: well-approximated by block-diagonal Hgjag(t)
» Each block ajH;(t) where
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Hessian structure

Case m > 1 (wide network): H(t) € Rmdxmd
» Block structure with m? blocks of size d x d
» For convex loss: well-approximated by block-diagonal Hgjag(t)
» Each block ajH;(t) where

1 ¢ .
Hj(t) = — > gy, O(t) 'xi55) - xix{

i=1

9y, @ "x;j) = U'(y, fo(x)) - 0" (8 x + by)

Both cases reduce to spiked random matrix with training-dependent
weights.
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Main theorem: Hessian phase transition
(Stated for m >> 1; similar theorem holds for m = 1)

Theorem: Under n,d — oo with n/d — 0, under generic regularity
assumptions on h, {, o, there exist explicit thresholds 6]?‘ = Kj(h, £, oym)
for each block j:
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Main theorem: Hessian phase transition
(Stated for m >> 1; similar theorem holds for m = 1)

Theorem: Under n,d — oo with n/d — 0, under generic regularity
assumptions on h, {, o, there exist explicit thresholds 6; = Kj(h, £, oym)
for each block j:

If 6 > 6]7‘ : For t a large enough constant, there are A, q,&n g such
that Hj(t)an,d = An‘dan,d; and

And & A7 < min(0, inf (supp(ph, (t))))
|©End|| /lEnall 2 ¢ > 0

where u];,o(t) is the limiting spectral distribution of Hj(t).

If 6 < 63“ : For all large enough t a constant, no eigenvector of Hj(t)
has non-vanishing correlation with the hard subspace

= ONN = minj 25]7k is the threshold for feature learning!
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Spectrum of the Hessian

o< 6NN o> 6NN
outlier
T )\ * 1 }\
8 bulk g bulk
No informative direction Descent direction — hard subspace!
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Formulas for computing dnn

Hessian block: H;(t) = %Z?:] g(yi, O(t) Txi39) -xixi—r
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Stieltjes transform of uoo( ).

Stieltjes transform: For z € C™, ocjt(z) is the unique solution of

1
Z4 — =56-E

&} (z)

(;J
5+ Glod(z)

where G := g(V(t), h(Vs,€);j).
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Hessian block: H;(t) = Zl 19(U;, O(t t) Txi:9) -xixi—r

Limiting spectral distribution: un 4= uf.)o(t) with ocl(z) the
Stieltjes transform of uoo( ).

Stieltjes transform: For z € C™, ocjt(z) is the unique solution of

1
Z4 — =56-E

&} (z)

(;J
5+ Glod(z)
where G := g(V(t), h(Vs,€);j).
(V(t), V) is some DMFT random vectors that we define later. The

resulting LSD is a Generalized Marchenko-Pastur law despite complex
dependence.
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Formulas for computing dnn
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Left edge: A{ = 5
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Formulas for computing dnn
)

Left edge: A{ = -
(— inf(supp(Law(G})))) V0

1
cj(t) == sup {—+6-E
ac(0Al) [ &

Outlier equation: For z < min(0, ¢j(t)),

5G)
—t Uy VL (U v T
§ + Glog(z)

det (—ZIT +E
6;‘(t) :=inf {0 > 0 : outlier eq. has solution z < min(0, c;j(t))}

OnN = min &5 (o)
j€lml
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Formulas for computing dnn
)

Left edge: A{ = -
(— inf(supp(Law(G})))) V0

1
cj(t) == sup {—+6-E
ac(0Al) [ &

Outlier equation: For z < min(0, ¢j(t)),

j
Lu V. (Ug V)
§ + Gl (z)

det (—ZIT +E

57 (t) ;== inf {5 > 0 : outlier eq. has solution z < min(0, ¢;(t))}

6 (00) == lim &7(t)

) t—oo

Overall:  dnN := min ;' (o)
jElm]
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DMEF'T: Evolution equations

Dynamical Mean Field Theory (DMFT) 8: Characterize gradient
descent dynamics as n,d — oo via low-dimensional random vectors.

8[Sompolinsky, Zippelius '81, ’82; Celentano, Montanari, Wu ’20; Celentano,

Cheng, Montanari ’21]
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Dynamical Mean Field Theory (DMFT) &: Characterize gradient
descent dynamics as n,d — oo via low-dimensional random vectors
(V(1),V.) € R™ x R¥

V(t) fsze (t, s)F(V(s), Vi, €), W ~GP(0,Co)

Ot) e R™

O(t+1) = nZRe (t,5)0(s) —MR¢(t, )@, +1Q(t), Q ~GP(0,C¢/)

8[Sompolinsky, Zippelius ’81, '82; Celentano, Montanari, Wu ’20; Celentano,
Cheng, Montanari ’21]

40/ 54



DMEF'T: Evolution equations

Dynamical Mean Field Theory (DMFT) &: Characterize gradient
descent dynamics as n,d — oo via low-dimensional random vectors.
(V(1),V.) € R™ x R¥

V(t) fsze (t, s)F(V(s), Vi, €), W ~GP(0,Co)
O(t) e R™

O(t+1) = nZRe (t,5)0(s) —MR¢(t, )@, +1Q(t), Q ~GP(0,C¢/)

Gradient function: F;(V,V,,¢e) = (n/m)a;t’ (h(V., ), f(V))o'(V; + b;)

8[Sompolinsky, Zippelius ’81, '82; Celentano, Montanari, Wu ’20; Celentano,
Cheng, Montanari ’21]
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DMEF'T: Evolution equations
Covariance kernels:
Col(t,s) =EO(t)O(s)"], Colt,+) =E[O(t)O,]

Cltys) = 1%E[F(vm,v*, EF(V(s), Vay €)T]
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DMEF'T: Evolution equations

Covariance kernels:

Colt,s) =E[O(t)O(s)"], Co(t,*) = EO(t)O, ]
Coltys) = —EF(V(t), Vi, e)F(V(s), Vi €)T]

12
Response kernels:
1 00(t)
Raltss) = % | 3076
1 OF(V(t), Vi, €) 1 OF(V(t), Vi, €)
Re(t,s) = ;]]E |:aVV(S):| ,  Re(tyx) = HE |:a\/*]
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DMEF'T: Evolution equations

Covariance kernels:

Colt,s) =E@O(t)O(s) "], Colt,*) =E[O(1)0]]

Coltys) = —EF(V(t), Vi, e)F(V(s), Vi €)T]

TIZ

Response kernels:

Re (t,S) =

Rg(t,S) -

Initialization:

1. [98)
nE{aQ(s)]

1 OF(V(t), Vi, €) B 1 OF(V(t), Vi, €)
'y [aw(s) } Re(t,*)—nE[]

©(0) ~ N(0,I,,,) independent of ©, ~ N(0, I))
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Justification of DMFT

For test function ¢,
n

LY 6 (007x,@1x,61) B B[0(V(Y), Vay )],
i=1

d

5> o (vae, vae..) L E[pel),e.].
i=1
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DMFT: Main idea

E

Rm\/—\,\

. J . J

d particles in R™ one part. + noise + memory

‘Gaussian’ approximation + Symmetries

= Integral equations for memory + response kernels
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Proof techniques

Our proofs utilize three main ingredients:

@ Dynamical Mean Field Theory (DMFT)

» Tracks the evolution of GD in the first stage of training
© Gaussian conditioning
©® Random Matrix Theory (RMT)

» The later two techniques are used for characterizing the Hessian
spectrum (second stage).
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Proof sketch: Setup

(WLOG consider m > 1; the case m = 1 is similar)

Object of interest: Hessian diagonal block

n

1 .
Hi(t) = — > gy, @) x;j) - xx( = XTGj(t)X
i=1
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Proof sketch: Setup

(WLOG consider m > 1; the case m = 1 is similar)

Object of interest: Hessian diagonal block
1 ¢ .
Hij(t) ==Y glyy, ®(t) %) - xix{ =X Gj(1)X

n<
i=1

Intuition: y; only depends on few directions @Ixi
= Gj(t) carries low-rank informative signal = expect outliers

Why is this hard? Not a standard spiked random matrix
» O(t) depends on (X,y) through GD updates
» Complex nonlinear dependence = standard RMT does not work

Key insight: Although nonlinear, each GD update is linear in X
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Proof sketch: Step 1 — Gaussian conditioning

Gaussian conditioning decomposition:
d
X = P# XnewPg + XPo

» Xiew: fresh i.i.d. N(0, 1) matrix, independent of training data

This technique has been extensively studied in AMP literature?.

9[Bayati-Montanari '10, Donoho-Montanari ’13]
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Proof sketch: Step 1 — Gaussian conditioning

Gaussian conditioning decomposition:
X L P Xpen P + XPo
» Xiew: fresh i.i.d. N(0, 1) matrix, independent of training data
» Po, Pr: projectors onto parameter/gradient subspaces
This technique has been extensively studied in AMP literature?.

Result:
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Proof sketch: Step 1 — Gaussian conditioning
Gaussian conditioning decomposition:
X L P Xpen P + XPo

» Xiew: fresh i.i.d. N(0, 1) matrix, independent of training data
» Po, Pr: projectors onto parameter/gradient subspaces

This technique has been extensively studied in AMP literature?.
Result:

H;(t) = dXT G j(t)Xnew + finite-rank perturbation

new

= Bulk follows generalized Marchenko-Pastur law
= Outliers come from finite-rank perturbation

9[Bayati-Montanari '10, Donoho-Montanari ’13]
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Proof sketch: Step 2 — Outlier detection

From Step 1: Hj(t) 4xT G;jXpew + finite-rank

new
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From Step 1: H;(t) = XIGWG i Xpew + finite-rank
Woodbury identity: For A + UCV,
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Apply to resolvent:
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Proof sketch: Step 2 — Outlier detection

From Step 1: H;(t) = 4 XT G i Xnew + finite-rank

new

Woodbury identity: For A + UCV,

(A+UCV) ' =AT—ATU(CTT+VATTU) VAT

Apply to resolvent:
(Hj(t) —zI) ™" = Ro(z) — Ro(2) - low-rank] - M (z;t) ™" - [low-rank] " - Ry(z)
where Ry(z) = (XneWG Xpew — 2I) 71 is the bulk resolvent

Key: z is an outlier eigenvalue & det(M;(z;t)) =0

M;(z;t) is finite-dimensional (size ~ k 4+ mt, independent of n, d)

47 /54



Proof sketch: Step 2 — Block structure

Concentration: M;(z;t) LN M;’o(z;t) (deterministic limit)
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Proof sketch: Step 2 — Block structure

Concentration: M;(z;t) LN Mjoo(z;t) (deterministic limit)
Fortunately: Mfo(z;t) has block-diagonal structure!

det(Mfo(z;t)) =0 & det(M)Ocﬁ) =0 or det( i%) =0

)

> MY Hard block (size r x 1, independent of t)
= det(M}’ff{) = 0 gives our outlier equation

> M]i"ﬁ: Rest block
= Can prove: solutions have no informative eigenvectors
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Proof sketch: Step 3 — Eigenvector alignment

Residue formula:

1
2mi

g2 =5 (W) —zD) dz
Y
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Proof sketch: Step 3 — Eigenvector alignment

Residue formula:

1
2mi

g2 =5 (W) —zD) dz
Y

Correlation:

1 _
1©LE|% = _2m§ Tr(®J(H;(t) —zI) ' @,p)dz
Y

Simplification:
> Substitute resolvent expansion from the last step
» Ro(z) analytic inside y = only pole from Mj(z;t)q
» Replace Mj(z;t) by limit M;’o(z;t), apply residue theorem
» Use block structure of M;’O = final formula

49 /54
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Grokking explanation

Setup: (We assume for now) only hard directions to learn, & > dnn

Stage 1: t = 0(1)
» Cannot learn hard directions (no linear signal)
» But n/d = 6 is finite = overfits a bit training data
» Train loss < Test loss (generalization gap)

Stage 2: Saddle escape happens
» Since & > dyn: Hessian develops informative outlier
> Eventually learns hard directions
» Test loss drops = Predictable grokking!

No grokking when 6 > dyn:
» No overfitting in Stage 1

> No generalization gap = no delayed generalization
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Conclusion

Main contributions:

Precise threshold &y for feature learning (the first hard
direction) via gradient descent on two-layer NNs

» Depends on target, loss, activation, width, initialization
» Efficiently computable from problem setup

Spectral mechanism: Learning hard directions & negative
outliers of Hessian aligned with hard subspace

ONN > 0,1 in general; gap depends on architecture and algorithm

Grokking explanation: Delayed generalization predictably
occurs when and only when 0 is moderately above dyn
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Future directions

© 0060

© 0 0

Thresholds for mini-batch multi-pass SGD

Results for finite m = O(1)

Training both layers simultaneously

Beyond O(1) time: Precise dynamics for learning hard directions
(requires diverging time)

Thresholds for learning the whole subspace

Non-isotropic covariates?

Hierarchical feature learning in deeper models?
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Thanks for listening!

Questions?

arxXiv:2602.01434
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https://arxiv.org/abs/2602.01434
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