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Two dynamical problem classes [CuevniTz/E. /Kugin/KuNTz 2025+]:
> A) Dynamics ' the Network (Learning Process)

0 :RP 5 RP, x5 ¢(x) = x —nVL(X) (GD)
P QAxRP 5 RP, x5 @u(x) = x —nVL,(X) (SGD)

> B) Dynamics ' the Network (Information Propagation)

d(x, ) : RY 5 RY  or CIAD“,(X7 QX RY — RY. (Neural map)
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Key questions for this talk

A) Dynamics

the Network

» Characterization of parameter solutions learned via (S)GD?

» Related to generalization from training to new data sets?

Parameter space

B) Dynamics

the Network

Manifold of optimal solutions

» Mechanisms for clustering in transformers of LLMs?
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Random Dynamical Systems (RDS)

Random dynamical system (RDS) (6, ¢) [ArnoLDp 1998] consists of

» dynamical system (6;):cT on probability space (Q, F,P)

» and cocycle (¢, : X = X)ter such that for all w € Q and x € X

{w} x X

{Osw} x X

t
SDGSw

(%) = 6, (#5(x))

{9t+5w} x X

ECAO)
= ol (x)

Gst
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RDS in neural networks

A) Stochastic Gradient Descent (SGD):

> Write £(x) := N1 Z,N:l Li(x), where L;(x) := |®(x,y;) — zi|?

» Then, for w = (w1, ws,...) € Q uniform i.i.d. r.v., (Qw); = wit1,

OMH(x) = o2 (x) = NV Las, 1 (02 (X))

B) Transformers as Stochastic Differential Equations (SDEs)

m
dXe = Fo (Xe)dt+ Y Fi(Xe)OWS, Xo=xeS™ 1 (SDE)
=1
> Q= G (R,R™) with Wiener measure P, 0,w(-) := w(t + ) — w(t)

» The solution of (SDE) can be written as cocycle ¢?, (x).

Question for A) and B) : What happens with ¢! (x) as t — co?
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Lyapunov exponents
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V2
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> We denote Y/, := Dyl (x) and set A(w,x,v) = }log| Y7, v|.

t
Yo

Ae(w, x,v1) >0
At(w, x,vn) <0

va

w,x

» For ergodic measure p of (6, ¢)

. 1 t
A= tl_l)n;o R log || Y I, for p-almost all (w, x),
is the maximal Lyapunov exponent.
Typical Paradigm:

» X\ < 0 = Synchronization/Accumulation
> )\ > 0 = Instability/Repulsion/Chaos
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A) Characterizing dynamical stability of stochastic gradient
descent in overparameterized learning
[CHEMNITZ/E., JOURNAL OF MACHINE LEARNING RESEARCH 2025]
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D = number of parameters, N = size of the training data set

Overdetermined D < N: Overparameterized D > N:
> “classical” regime ( - 2010s) » “modern” regime (2010s - )
> no interpolation solutions » (D — N)-dim. manifold of
{x:L(x)=0}=10 interp. sol. {x: L(x) =0}
» global minimum unique » global min. not unique
» Generalization depends on » Generalization depends on
network (mostly) network and learning

[BELKIN ET. AL. (’18)] D=N D
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Most common: Variants of stochastic gradient descent (SGD)

GD/SGD
XS0/

1. Initialization: € RP random with dist vini

2. Update: 7 > 0 learning rate, w, € [N] uniform i.i.d.,
Xeb = X3P —nVL(XP)
X3 = X3P =11V Lo,y (X3P)

3. Output: XSO/56P ._ lim, 00
fim 0, else.

XGD/SGD7 if convergent

Question:

Do we converge and, if yes, whereto?
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Dynamical stability in gradient descent
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Dynamical stability in gradient descent
x = x —nVL(x)

*

X
< 2 > 2
n || Hess £(x*)]| n || Hess £(x*)]|

Overdetermined regime: Choose n < 1.
Overparameterized regime: || Hess £(x*)| < 2571
> Instability restricts the effective hypothesis class

» || Hess L(x*)|| small ~ Good generalization
[HOCHREITER, SCHMIDTHUBER ('97)]

> “Edge of stability”: || Hess £(x*)|| ~ 217!
[Wu ET AL. (’18)], [COHEN ET AL. (’20)]
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Dynamical stability in gradient descent

supp ( XP/56P x: £(x) = 0}
(LT

(S)GD

Goal: Characterize

supp ()(,iGnE)/SGD> ‘= supp (Law (X“GmD/SGD>) .
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Main Results - GD
Global min.: M = {x: L(x) = 0}, Update: ¢(x) =x —nVL(x)

Assume
» M manifold [Coorrr (21)],

» Vinit equivalent to Lebesgue (usually Gaussian),

» © non-singular [CRACIUN, GHOSHDASTIDAR (’24)].
For x* € M, define
pu(x*) = log [Dp(x") (1. my- Il
such that u(x*) < 0 & 1 < 2| Hess £(x*)|| 1.
Theorem (Chemnitz/E. 2025)
Let x* € M. Then

p(x*) < 0= x* € supp(Xi),
p(x*) > 0= x* ¢ supp( X))
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Linearization - SGD

Consider the random dynamical system given by
@i RP 5 RP x s x —nVLi(x).
Let o = Py, 0+ 0 Py, Where w = (w1, ws,...) uniform i.id. r.v..
Note: x* € M = @i(x*) =x*forall 1 <i<N.
For x* € M, let A;j(x*) : (Tx= M)t — (Tx=M)=L by given by
Ai(x*) = D<,27,~(x*)|(TX*M)L.

Theorem (Furstenberg-Kesten)

The Lyapunov exponent
M) 1= lim = log [1Au, (x7) .. Ay ()]

exists for almost all w and is essentially constant.
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Main Results - SGD

Assume
» M manifold [Coorrr ("21)],

» it equivalent to Lebesgue,

» »; non-singular [CRACIUN, GHOSHDASTIDAR (’24)].

Theorem (Chemnitz/E. 2025)
Let x* € M be a “regular minimum"”. Then
Ax*) < 0= x* € supp(Xin®),

A(X*) > 0= x* ¢ supp(XisP).
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Proof strategies

» For A(x*) < 0, Quenched: “Pathwise dynamics” for typical w

» For A\(x*) > 0, Annealed: construct Lyapunov function for Markov
process away from x*

| SGD
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B) Random Quadratic Form on a Sphere: Synchronization by
Common Noise
[E./SHALOVA, ARXIV:2603.06187, 2026+]
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Transformer models [Vaswant g1 AL, 2017]

> Sentence of length d represented via tokens (x;)i<i<d, X; € R".
» Neural map at k-th transformer layer

X = & ((x)1<i<a) »

with self-attention, feed-forward and projection to sn-1,

Continuous-time model [Grsnkovski BT AL, 2024, 2025]

X = Py, (FF(x;) + Attn(x;; x1, %2 - . . X4)) ,
FF(x)) = o(Mx; + B), Py :R" —S"1,

Simplified model (Attn = 0 = B) for random parametrization at each k:
dXi(t) = Px,0Q(t)Xi(t), (Random Quadratic Form (RQF))

1
Q: = E(Bt + Bt—r)v

where {BY : i,j € 1...n} are independent Brownian motions.

14/16
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Synchronization of tokens purely by common noise?

Consider the RDS solutions ¢, (x) of

dX(t) = PxdQ(t)X(t), X(0) = x € "1, (RQF)

Theorem (E./Shalova 2026+)
For any x,y € S"~1

dist(f,(v), 96, (x)) = 0 or dist(¢;,(y), —¢L(x)) = 0,
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Synchronization of tokens purely by common noise?

Consider the RDS solutions ¢, (x) of

dX(t) = PxdQ(t)X(t), X(0) = x € "1, (RQF)

Theorem (E./Shalova 2026+)
For any x,y € S"~1
dist(;, (v), o (x)) = 0 or dist(p;(y), —¢i(x)) = O,

Q-almost surely.

t=0

t=1 t=5
w0 //./" " ,+\\ w0 —
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o] | |

[ \
oo | .
2

\ |
\ \ /
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Proof strategies

First Proof:
> For solutions X:, Y; of (RQF), write Z; = (X:, Y;) € [-1,1].

16/16



Proof strategies

First Proof:
> For solutions X:, Y; of (RQF), write Z; = (X:, Y;) € [-1,1].

» Derive that Z; has same law as process

dZ, = 22,(1 — Z2)dt + V2(1 — 22)0B;,

16/16



Proof strategies

First Proof:
> For solutions X:, Y; of (RQF), write Z; = (X:, Y;) € [-1,1].

» Derive that Z; has same law as process
dZ, = 22,(1 — Z2)dt + V2(1 — 22)0B;,
» Use Feller criterion to show that

16/16



Proof strategies

First Proof:
> For solutions X:, Y; of (RQF), write Z; = (X:, Y;) € [-1,1].

» Derive that Z; has same law as process
dZ, = 22,(1 — Z2)dt + V2(1 — 22)0B;,
» Use Feller criterion to show that

P(Z - 1)+ P(Z, — —1) = 1.

Second Proof:

» Show that Lyapunov exponent A < 0 for RDS induced by (RQF)

16/16



Proof strategies

First Proof:
> For solutions X:, Y; of (RQF), write Z; = (X:, Y;) € [-1,1].

» Derive that Z; has same law as process
dZ, = 22,(1 — Z2)dt + V2(1 — 22)0B;,
» Use Feller criterion to show that

P(Z - 1)+ P(Z, — —1) = 1.

Second Proof:
» Show that Lyapunov exponent A < 0 for RDS induced by (RQF)

» Write process on projective space RIP”

16/16



Proof strategies

First Proof:
> For solutions X:, Y; of (RQF), write Z; = (X:, Y;) € [-1,1].

» Derive that Z; has same law as process
dZ, = 22,(1 — Z2)dt + V2(1 — 22)0B;,
» Use Feller criterion to show that

P(Z - 1)+ P(Z, — —1) = 1.

Second Proof:
» Show that Lyapunov exponent A < 0 for RDS induced by (RQF)
» Write process on projective space RIP”

» Use synchronization criteria [BaxenpALE 1991], [FLANDOLI ET AL. 2017]
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